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Abstract
The purpose of this paper is to model the behaviour of timber composite beams
with interlayer slip, when simultaneously exposed to static loading and fire. A
transient moisture-thermal state of a timber beam is analyzed by the Luikov
equations, and mechanical behaviour of timber composite beam is modelled by
Reissner’s kinematic equations. The model can handle layers of different ma-
terials. Material properties are functions of temperature. The thermal model
is validated against the experimental data presented in the literature. Gener-
ally, the model provides excellent agreement with the experimental data. It
is shown that the material properties of timber play an important role in the
fire resistance analysis of timber structures when exposed to fire.
Keywords: fire, charring, composites, slip, Reissner beam theory, finite differ-
ence method, finite element method.
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Nomenclature
T temperature (◦C)
k thermal conductivity (W/mK)
DM conductivity coefficient of moisture content (kg/ms
◦M)
ρ density (kg/m3)
cp specific heat (J/kgK)
cm moisture capacity (kg/kg
◦M)
ε ratio of vapour diffusion coefficient to coefficient of total moisture diffusion
hLV phase change heat (J/kg)
γ sorption or desorption heat (J/kg)
W moisture potential (◦M)
t time (s)
δ thermogradient coefficient (◦M/K)
V moisture content (%)
hc convective heat transfer coefficient (W/m
2K)
hm convective moisture transfer coefficient (kg/sm
2 ◦M)
εR effective surface emissivity
σ Stephan-Boltzmann constant (σ = 5.671 · 10−8 W/m2K4)
L beam length (cm)
λ loading factor
Nc constitutive axial force (kN)
Mc constitutive bending moment (kNcm)
u axial displacement
w deflection
ϕ rotation
ε extensional strain
κ pseudocurvature
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N number of collocation points
Nlay number of layers
R1, R2, M Euler-Lagrange multipliers
∆ inter-layer slip (cm)
K inter-layer slip modulus (kN/cm2)
qt tangential contact traction (kN/cm)
E elastic modulus (kN/cm2)
S generalized boundary forces (kN)
pX uniformly distributed axial load (kN/cm)
pZ uniformly distributed vertical load (kN/cm)
mY uniformly distributed bending moment (kNcm/cm)
Subscripts and superscripts
A ambient
i = a,b ith layer
w wood
c char
1 Introduction
Multi-layered structures have been playing an increasingly important role in
different areas of engineering practice, perhaps most notably in civil, automo-
tive, aerospace and aeronautic technology. With the limitation to civil engi-
neering, classical cases of such structures are steel-concrete composite beams
in buildings and bridges, wood-concrete floor systems, coupled shear walls,
concrete beams externally reinforced with laminates, sandwich beams, and
many more. It is well known, that the behaviour of these structures largely
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depends not only on different materials of individual components, but also by
the type of their connection. One of the most quoted partial theory was devel-
oped by Newmark et al. [1] and was based on linear elastic theory. A number of
linear analytical solutions were developed by several authors [2–7]. If material
and geometric non-linearity is considered the numerical procedures need to be
employed. Usually, displacement-based finite elements are introduced [8–11].
This paper is following a line of papers where strain-based finite elements are
used [12–15]. There exist many ways how to obtain the connection between the
components. Usually, mechanical shear connectors are employed to provide a
desired composite action. With the use of rigid shear connectors, a full shear
connection and full composite action between the individual components can
be achieved. Consequently, conventional principles of the solid beam analysis
can be employed. Unfortunately, the full shear connection can hardly be re-
alized in practice and only an incomplete or partial interaction between the
layers is usually obtained. As a result, an interlayer slip develops. With its suf-
ficient magnitude, it significantly effects the mechanical behaviour of compos-
ite systems. Hence, the inclusion of the interlayer-slip effect into multi-layered
beam theory is essential for optimal design and accurate/realistic represen-
tation of the actual mechanical response of multi-layered timber beams with
partial interaction between the components when exposed to static loading
and fire.
Ever since prehistoric times timber has been recognized as a very popular
construction material. Nowadays, it has commonly been used in various fields
of engineering. Due to its remarkable properties it has been used by many
architects and designers of modern buildings. The capability to predict the
behaviour of timber, particularly when exposed to fire, has become increas-
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ingly important in the field of fire safety engineering.
When numerically analyzing mechanical behaviour of load bearing timber
beams in natural fires, the contributions of shrinkage-swelling, temperature,
viscous creep and mechano-sorptive strains are of major importance. The de-
velopment of all aforementioned strains is strongly affected by the actual tem-
perature and moisture content distribution in the beams. Therefore, the deter-
mination of the spatial and temporal distribution of temperature and moisture
content over the element is the first key phase of the analysis. When timber
as a charring material is exposed to fire, it undergoes thermal degradation,
i.e., pyrolysis. The pyrolysis of timber is a complex interplay of chemistry,
heat, and mass transfer. It changes timber to char and gases (such as carbon
dioxide and hydrocarbons), and consequently, modifies the density and other
material characteristics. The process of thermal degradation starts when the
temperature of timber reaches a certain threshold value which depends on the
kind of timber, but is generally around 300 ◦C.
Because of the importance and complexity of the pyrolysis of timber, there
is a substantial volume of work on the pyrolysis and charring of timber as a
porous media [16–29]. Experimental observations of charring behaviour prove
the mutual effect of temperature and moisture content gradients in timber, but
it is rarely taken into consideration in the computational analysis of charring
in fire situations. In this paper, a transient heat and moisture transfer over a
timber beam exposed to standard fire conditions is considered. The governing
equations of simultaneous heat and moisture transfer in porous media like
timber were provided by Luikov [30].
Assuming a homogeneity of the temperature and moisture content field along
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the beam, the 2-D Luikov equations are solved for the cross-section of the
timber beam. Furthermore, a symmetric cross-section, boundary and initial
conditions are assumed. Due to a rectangular cross-section, a finite difference
method is chosen for the solution of the hydro-thermal part of the problem.
For the spatial integration the symmetric formulae based on quadratic shape
functions are introduced, whereas for the time-integration linear shape func-
tions are employed.
When the symmetric distribution of temperature and moisture content over
the cross-section is known for each time step of the analysis, it can be used
in the second key phase of the analysis, i.e. the analysis of the mechanical
response of timber composite beams when exposed to static loading and fire.
The effect of non-homogenous temperature and moisture distributions over the
cross-section is taken into account by the integration of stresses induced by
temperature and moisture content gradients. Each layer of a timber composite
beam is modelled by linearized Reissner’s [31] kinematic equations. Further,
we assume that the transverse separation between the layers does not occur.
The mathematical model of the timber composite beam is described by a set
of algebraic-differential equations and boundary conditions which was solved
by finite element method. The principle of virtual work has been employed
as a basis for the finite element discretization. Thus, a modified form of the
principle of virtual work by including the linear kinematic equations as con-
straining equations through Lagrangian multipliers is proposed. In this way,
the displacement field vector is eliminated from the principle of virtual work.
As a result, a deformation field vector remains the only unknown function to
be approximated in the finite element implementation of the principle. This
means that only extensional strains and pseudocurvatures of reference axis
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of individual layers and transverse shear deformations of layer cross-sections
need to be interpolated. Furthermore, the present approach uses the concept of
consistent equilibrium of constitutive and equilibrium-based stress-resultants
[32] and the Galerkin type of the finite element formulation is employed [33].
With the use of the derived model for the analysis of the behaviour of compos-
ite timber beams exposed to fire, various parametric studies have been per-
formed. The main emphasis has been devoted to the investigation of different
parameters on vertical deflections of composite timber beams when exposed
to standard fire conditions.
2 Governing equations
Heat and mass transfer in porous media is governed by two second order non-
linear partial differential equations (1)–(2) presented by Luikov [30]. The first
equation describes heat conduction governed predominantly by temperature
gradient but affected also by the effect of phase-change and heat on sorption
and desorption, which depend on the moisture changes. The second equa-
tion describes moisture diffusion governed predominantly by moisture poten-
tial but is also considerably affected by temperature gradients. Furthermore,
anisotropy and temperature and moisture content dependent material prop-
erties are assumed. The equations can be written as:
ρ cp
∂T
∂t
− ρ cm (ε hLV + γ)∂W
∂t
=
∂
∂y
(
ky
∂T
∂y
)
+
∂
∂z
(
kz
∂T
∂z
)
, (1)
ρ cm
∂W
∂t
=
∂
∂y
(
DMy
(
∂W
∂y
+ δy
∂T
∂y
))
+
∂
∂z
(
DMz
(
∂W
∂z
+ δz
∂T
∂z
))
. (2)
In Eqs. (1)–(2) ky, kz represent thermal conductivity (W/mK) in the cross-
section of the beam. Similarly, DMy and DMz represent conductivity coeffi-
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cients of moisture content (kg/ms ◦M), ρ represents density (kg/m3), cp spe-
cific heat (J/kgK), T temperature (◦C), cm moisture capacity (kg/kg ◦M), ε
ratio of vapour diffusion coefficient to coefficient of total moisture diffusion,
hLV phase change heat (J/kg), γ sorption or desorption heat (J/kg), W mois-
ture potential (◦M), t is time (s) and δy, δz are thermogradient coefficients
(◦M/K) in two orthogonal directions y and z, respectively.
Moisture potential,W , is related to moisture content, V , by the linear relation
V = cm W. (3)
A particular solution of the system of governing differential equations (1)–
(2) has to satisfy the initial and boundary conditions. The initial conditions
prescribe the temperature and moisture potential of the cross-section of the
beam at the initial time t = 0:
T (y, z, 0) = T0(y, z), (4)
and
W (y, z, 0) = W 0(y, z). (5)
The boundary conditions prescribe a heat and moisture flow on the exposed
boundaries of the beam. It is assumed, that the flow magnitudes depend on
differences between temperature and moisture potentials on the boundary and
in the surrounding air. In the heat boundary condition the effect of evaporation
on the heat flow is added, while in the moisture boundary condition the effect
of temperature gradient is taken into account. Thus, the boundary conditions
at the exposed surface are given by balancing heat conduction and moisture
transfer at the surface with the radiative and convective heat and convective
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moisture input. The boundary conditions can be written as
−ky ∂T
∂y
eny−kz ∂T
∂z
enz = hc (T−TA)+εRσ(T 4−T 4A)+(1−ε)hLV hm (W−WA),
(6)
and
DMy
∂W
∂y
eny+DMz
∂W
∂z
enz+DMy δy
∂T
∂y
eny+DMz δz
∂T
∂z
enz = −hm (W−WA),
(7)
where eny and enz are the components of the unit normal to the boundary
surface, hc and hm are convective heat transfer coefficient (W/m
2K) and con-
vective moisture transfer coefficient (kg/sm2 ◦M), respectively. TA is the tem-
perature, and wA is the moisture potential of the ambient. The second term
in the right-hand side of Eq. (6) represents the radiative heat input, where εR
is the effective surface emissivity and, σ, is the Stephan-Boltzmann constant
for radiation, (σ = 5.671 · 10−8 W/m2K4).
Composite beams are usually composed of various layers with different mate-
rial characteristics. In addition to the boundary conditions (6)–(7), the con-
ditions at the contact between the layers have to be prescribed as follows:
T ij = T
i+1
j , W
i
j = W
i+1
j , (8)
kiz,j
∂T ij
∂z
einz,j = k
i+1
z,j
∂T i+1j
∂z
ei+1nz,j, (i = j = 1, ...,Nlay − 1) (9)
DiMz,j
∂W ij
∂z
einz,j = D
i+1
Mz,j
∂W i+1j
∂z
ei+1nz,j, (10)
where i marks the layer, and j marks the contact between the layers i and
i+ 1. Therefore, T ij presents the temperature of layer i in the contact j.
The ambiental moisture potential,WA, is obtained through sorption isotherms.
The effects of stress state and history of sorption are neglected. The above sys-
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tem of Eqs. (1)–(7) is solved by using finite difference method and a computer
program is written in Matlab environment.
The mechanical response of timber composite beams when subjected to static
loading is described by the following Euler–Lagrange equations of the finite
element of the planar multi-layer composite beam, (see, [15, 34]):
finε =
(
N ic −Ri1
)∣∣∣∣
x=xnε
= 0, nε = 1, . . . , Nε; (11)
fNlayNε+nκ =
(
Mc −M
)∣∣∣∣
x=xnκ
= 0, nκ = 1, . . . , Nκ; (12)
fNlayNε+Nκ+i = u
i(L)− ui(0)−
Nε∑
n=1
P ∗nε(x) ε
i
n = 0, (13)
fNlay(Nε+1)+Nκ+1 = w(L)− w(0) + ϕ(0)L+
Nκ∑
n=1
P ∗∗nκ(x)κn = 0, (14)
fNlay(Nε+1)+Nκ+2 = ϕ(L)− ϕ(0)−
Nκ∑
n=1
P ∗nκ(x)κn = 0, (15)
fNlay(Nε+1)+Nκ+2+i = S
i
1 +Ri1(0) = 0, (16)
fNlay(Nε+2)+Nκ+3 = S2 +R2(0) = 0, (17)
fNlay(Nε+2)+Nκ+4 = S3 +M(0) = 0, (18)
fNlay(Nε+2)+Nκ+4+i = S
i
4 −Ri1(0) +
∫ L
0
(piX + qt,j−1 − qt,j)dx = 0, (19)
fNlay(Nε+3)+Nκ+5 = S5 −R2(0) +
Nlay∑
i=1
∫ L
0
piZdx = 0, (20)
fNlay(Nε+3)+Nκ+6 = S6 −M(0) +R2(0)L−
Nlay∑
i=1
(∫ L
0
∫ x
0
piZdx−
∫ L
0
(miY − zjqt,j + zj−1qt,j−1)
)
dx = 0,
(21)
where
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qt,j = F(∆ij) = K∆ij, (22)
∆ij = u
i − ui+1, (23)
w = wi = wi+1, (24)
ϕ = ϕi = ϕi+1, (25)
and
P ∗nκ(x) =
∫ L
0
Pnκ(ξ)dξ and P
∗∗
nκ(x) =
∫ L
0
(∫ ξ
0
Pnκ(ξ)dξ
)
dξ. (26)
Within each finite element, see Eqs. (11)–(21), an extensional strain εi, and
a pseudocurvature κ of the reference axes of layer i are interpolated by La-
grangian polynomials. Additionally, it is assumed that the variations of strain
functions are approximated by the Dirac δ-function. Therefore, for the con-
struction of the finite-element model of the multi-layer composite beam with
an interlayer slip the Petrov-Galerkin collocation method is used [39]. Conse-
quently, discrete values εin and κn represent nodal values of the interpolated
functions. Furthermore, Ri1,Ri2,M represent Euler-Lagrange multipliers. qt
denote the tangential interlayer contact tractions in the contact plane be-
tween the layers. N iC and MC is a constitutive axial force of layer i and a
constitutive bending moment of a multi-layer beam, respectively. In the case
of linear elastic material, the constitutive forces are assumed to be given by
the linear relations with respect to εi and κ, and therefore, take the following
notation:
N iC = Ci11εi + Ci12κ,
MC =
Nlay∑
i=1
(Ci21ε
i + Ci22κ),
(27)
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in which material and geometric constants are denoted by Ci11, C
i
12, . . . , C
i
22;
e.g. Ci22 = E
iJ i, where Ei is the elastic modulus of layer i, and J i is the
moment of inertia of layer i with respect to the interlayer contact line; In
Eqs. (22), K denotes the slip modulus at the interlayer surface.
For a given loading factor, λ, Eqs. (11)–(21) constitute a system of Nlay(Nε+
3)+Nκ+6 non-linear algebraic equations for the same number of unknowns.
There areNlay(Nε+1)+Nκ+2 internal degrees of freedom ε
i
n, κn,Ri1(0),R2(0),
andM(0), and 2Nlay+4 external degrees of freedom, i.e., nodal displacement
and rotations ui(0), w(0), ϕ(0), ui(L), w(L), and ϕ(L) of the finite element.
Integrals in the Eqs. (11)–(21) are evaluated numerically with Gauss’s or Lo-
batto’s integrations. The internal degrees of freedom are eliminated from the
global system by the procedure of static condensation at the element level. The
condensed global tangent stiffness matrix and the condensed residual force vec-
tor of the structure are then assembled by a classical way. For the solution
of the equations a standard method for solutions of a system of non-linear
equations is employed. Note, for non-singular solution of the Eqs. (11)–(21),
at least one longitudinal boundary displacement of an arbitrary layer has to
be prescribed. Eqs. (11)–(21), when written for the structure need to be solved
by an incremental-iterative way. The time interval [0, t] is divided into time
steps [ts, ts+1]. For each time step s + 1 and a given loading factor, λs+1, the
unknown nodal displacements, xs+1 are determined by the solution of the
following system of equations:
G(xs+1,λs+1, T s+1,W s+1, ts+1) = 0. (28)
Similarly, the above system of Eqs. (11)–(21) is solved by using finite element
method and a computer program is written in Matlab environment.
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3 Numerical examples
Numerical examples will demonstrate the applicability of the present mathe-
matical model to predict a thermomechanical behaviour of timber beams when
exposed to static loading and fire. The mathematical model presented in the
paper will be numerically evaluated through the analysis of two examples:
(i) A one-dimensional charring of a solid timber beam; (ii) Fire resistance of
a two-layer timber composite beam exposed simultaneously to static loading
and fire.
3.1 One-dimensional charring of a solid timber beam
In order to compare the present mathematical model with the one-dimensional
empirical charring models presented in the literature, a one-dimensional char-
ring of timber beam made of spruce, with a thickness d, and exposed to the
standard fire conditions [35], is considered.
Generally, charring behaviour of timber can either be described by the mass
loss rate (g/s) or by the rate of advance of the formed char front from the orig-
inal surface (cm/s). The latter definition has been more widely used because it
enables a determination of an effective residual cross-section area commonly
employed in timber design calculations. The rate of charring is a complex
process which depends upon the interaction between pyrolysis of timber and
the generation of heat, both of which are functions of a number of factors
such as the species, density moisture content, permeability, and thermophysi-
cal properties. Since material properties at elevated temperatures are difficult
to determine, constant material properties of timber and char are used. The
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data for this case is as follows:
T0 = 20
◦C, w0 = 13◦M, WA = 4◦M, ρw = 370 kg/m3, ρc = 110 kg/m3,
kw = 0.12 W/(mK), kc = 0.15 W/(mK), DM = 2.2 · 10−8 kg/(m s ◦M),
hLV = 2500 kJ/kg, hc = 22.5 W/(m
2K), ε = 0, 3, cp,w = 1530J/(kgK),
cp,c = 1050 J/(kgK)cm = 0.01 kg/(kg
◦M), δ = 2.0 ◦M/K,
hm = 2.5 · 10−6 kg/(m2s◦M), d = 0.3 m, γ = 0.
(29)
The comparison of different charring models is presented in Fig. 1.
14
20 40 60 800
Exposure time (min)
1
2
3
4
5
6
C
h
ar
d
ep
th
(c
m
)
7
8 Eurocode 5 [36]
AS 1720.4 [35]
White and Nordheim [27]
Lawson [28]et al.
Schaffer [26]
present model
Figure 1. Comparison of different empirical charring models with the present one.
Most of the aforementioned models [27, 36, 37] suggest constant charring rates.
The use of these charring rates is convenient but does not accurately reflect
the actual charring behaviour of timber. To account for the char non-linearity,
nonlinear charring models are developed, i.e., White and Nordheim [28], Law-
son et al. [29].
Fig. 1 shows that models proposed in [36] and by Schaffer [27] differ consider-
ably. The Lawson’s and Schaffer’s models differ slightly at the beginning, but
are virtually equal at 60 minutes. Similarly, the model proposed by Eurocode
5 [37], White’s and Nordheim’s model [28], and the charring model proposed
in this paper, differ considerably in the first 15 minutes, but later show similar
results. All models described above are relatively simple to use. However, all
empirical models are limited to one-dimensional cases. In all empirical mod-
els it is assumed also that charring of timber starts instantaneously after the
exposure to fire. In reality, this is not the case. In our model, charring starts
when the temperature of timber reaches the temperature of pyrolysis, which is
around 300 ◦C. In this case, this happens nearly 4 minutes after the fire starts.
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Furthermore, to validate the proposed mathematical model for a thermome-
chanical analysis of timber beams when exposed to fire, numerical results are
compared to the experimental results published by Fredlund [16, 17], see Fig.
2.
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Fredlund (numerical model)
Fredlund (experiment)
present model
20 30 50
Figure 2. Comparison of experimental and numerical results for penetration of the
char layer as a function of time for spruce with initial moisture content of 14.5%.
A comparison between the calculations and the experiment is based on mea-
sured and calculated temperature-dependent thermo-mechanical properties of
timber and char given by Fredlund [16, 17]. The numerical example deals with
a specimen of spruce of initial moisture content of 14.5%. The results are also
compared to the numerical model proposed by Fredlund [16, 17]. Fig. 2 shows
a comparison of the penetration/formation of the char layer as a function of
fire exposure time. In the Fredlund’s calculations, the char front has been de-
fined as the point at which density has dropped to 300 kg/m3, while in the
present model, a formation of char is defined as the point at which temperature
reaches 300 ◦C. As it can be seen from Fig. 2, there is a very good agreement
between measured and calculated results. This allows us to conclude, that the
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proposed mathematical model is generally appropriate for the prediction of
charring behaviour of timber beams exposed to fire.
3.2 Fire resistance of a two-layer timber composite beam exposed simultane-
ously to static loading and fire
In the following example, the mathematical model for a thermomechanical
analysis of timber composite beams is used to determine the fire resistance
of two-layer timber composite beam when simultaneously exposed to static
loading and fire. A two-layer composite timber beam subjected to uniformly
distributed static load, pZ , and fire from three sides is considered. The de-
scriptive geometric, material, and loading data are given in Fig. 3.
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Figure 3. The descriptive geometric, material, and loading data of a two-layer timber
composite beam.
It is further assumed, that heat and moisture transfer in the longitudinal di-
rection is sufficiently small compared to the heat and moisture transfer across
the cross-section and can be neglected. Consequently, the heat and moisture
transfer problem over a typical cross-section governed by 2D Luikov equations
(1)–(2) is solved. In this case, the temperature and moisture content distribu-
tion and the formation of a char layer in a two-layer timber composite beam
exposed to standard fire conditions from three sides is considered. The upper
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surface of the timber beam is thermally isolated. Due to the symmetry of
the cross-section and material and loading parameters, only one half of the
cross-section is considered (see Fig. 3).
Since material properties at elevated temperatures are difficult to obtain, con-
stant material properties of timber and char are used. The data for this case
is as follows
T0 = 20◦C, W 0 = 13◦M, WA = 4◦M, ρaw = 370 kg/m
3, ρac = 110 kg/m
3, ε = 0.3
ρbw = 590 kg/m
3, ρbc = 180 kg/m
3, kaw = 0.12W/(mK), k
a
c = 0.15W/(mK),
kbw = 0.20W/(mK), k
b
c = 0.18W/(mK), D
a
M = D
b
M = 2.2 · 10−8 kg/(ms◦M),
haLV = h
b
LV = 2500 kJ/kg, h
a
c = h
b
c = 22.5W/(m
2K), cap,w = 1530 J/(kgK),
cap,c = 1050 J/(kgK), c
b
p,w = 2500 J/(kgK), c
b
p,c = 1400 J/(kgK), γ = 0,
cam = c
b
m = 0.01 kg/(kg
◦M), δa = δb = 2.0 ◦M/K, ham,w = h
a
m,c = 2.5 · 10−6 kg/(m2s◦M),
hbm,w = h
b
m,c = 0kg/(m
2s◦M), hc,contact = 1000W/(m2K), hm,contact = 1000 kg/(m2s◦M).
The distributions of temperature and the formation of char at times 1, 5, 10,
20, 30, 40, 50, and 60 minutes after the exposure are depicted in Figs. 4 and 5.
The boundary between the timber and the char is defined as a temperature
isotherm of 300◦C. It can be seen, that temperature gradients are the highest
at the boundary between the timber and the char. Charring is the fastest at
the beginning and due to the material properties of the char gradually decrease
with time. Since corners are subjected to heat and moisture transfer from two
directions, charring is faster at corners. Due to higher density and specific heat
in layer b, the charring in layer b is slower than in the layer a. From Figs. 4 and 5
we can see, that charring stars at the lower corner. As a result, a rounding effect
occurs and shortly after the ignition the remaining load bearing cross-section is
no longer rectangular. The calculated temperature and moisture distributions
18
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Figure 4. Temperature distribution in the cross-section of a two-layer timber com-
posite beam and the transformation of timber into char at 1, 5, 10, and 20 minutes.
and the formation of the char will be used in the mechanical response analysis
of two-layer timber composite beam with interlayer slip when simultaneously
exposed to static loading and fire.
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Figure 5. Temperature distribution in the cross-section of a two-layer timber com-
posite beam and the transformation of timber into char at 30, 40, 50, and 60 minutes.
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When temperature and moisture distributions are known, they can be used
in the mechanical response analysis of the two-layer timber composite beam
when simultaneously exposed to static loading and fire. To adequately model
the behaviour of composite structures, the material properties at elevated
temperatures and fire conditions must be accurately defined. The material
properties are affected by temperature, moisture content, specific density, and
grain orientation. In this paper, only temperature dependence is taken into
account. In order to determine the fire behaviour of load-bearing two-layer
composite beams, it is necessary to establish the mechanical properties of the
material at elevated temperatures.
For timber, the mechanical properties include strength and stiffness. These
properties are affected by temperature, moisture content, rate of charring and
grain orientation. As the temperature of timber increases, its strength and
stiffness decrease. In general, at charring temperature of 300◦C it is assumed
that the strength and stiffness drop to zero.
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Figure 6. Reduced modulus of elasticity E) of timber at elevated temperatures
proposed by various researchers, see [40].
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Fig. 6 shows the modulus of elasticity parallel-to-grain, E, versus temperature
as reported by different researchers, see e.g. [40]. These mechanical properties
have been used in the following mechanical response analysis of the two-layer
composite beam when simultaneously exposed to static loading and fire. In
the mechanical response analysis, the derived strain-based finite elements are
employed and the geometric strain increment is assumed to be the sum of
increments of elastic and temperature strains. The two-layer timber composite
beam is modelled by ten finite elements described previously, for which the
strains are interpolated by the Lagrangian polynomials of the eight order.
The time interval t ∈ [0, 60]min is divided into 60 time steps ∆t = 1min.
Fig. 7 shows maximal vertical deflection calculated for different mechanical
properties proposed by various researchers. Static vertical deflection wS =
2.993 cm, which is constant with time is shown also. As shown in the Fig.
7, the discrepancies of the maximal vertical deflections are relatively small in
the first minutes, but later a discrepancy between these deflections increases
considerably.
25
30
20
15
10
5
0
[c
m
]
=2.993 cm
w
w
100
[min]t
20 30 40 50 60
m
ax
s
EC5
Ostman
..
Preusser
Schaffer
Nyman
Figure 7. Maximal vertical deflection versus time for the two-layer timber composite
beam calculated by different material models.
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The highest values of the maximal vertical deflections are obtained by the
use of EC 5 regulations [37]. A structural limit state is usually defined as
the moment when the stress caused by the applied load exceeds the physical
resistance of the beam, or when the span/deflection ratio drops below a certain
value (usually
L
wmax
≈ 30, see, e.g., [38]). In the latter case, it is said that the
deflection limit state of the beam is reached. The latter case is also used as
a limit state in the present paper. As a result, a critical vertical deflection is
wcr ≈ 13 cm. In this case, the actual times to failure are: EC 5 (t ≈ 30 min);
O¨stman (t ≈ 47 min); Preusser (t ≈ 56 min).
Figs. 8 and 9 show distributions of interlayer slips and vertical deflections
along the two-layer composite beam at t = 60 min, and calculated by different
material models.
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Figure 8. Distributions of interlayer slip along the two-layer beam at t = 60 min,
calculated by different material models.
22
EC5
Ostman
..
Preusser
Schaffer
Nyman
[cm]L
25020015010050
0
300 350 400
[c
m
]
w
5
10
15
20
25
30
0
no charring
Figure 9. Distributions of vertical deflection along the two-layer beam at t = 60
min, calculated by different material models.
Similarly, Figs. 10 and 11 show the distributions of interlayer slips and ver-
tical deflections along the two-layer composite beams calculated at times
t = 0, 10, 20, 30, 40, 50, and 60 minutes for EC5 [37] material model.
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Figure 10. Distributions of the interlayer slip along the two-layer beam at times
t = 0, 10, 20, 30, 40, 50, and 60 minutes for EC5 [37] material model.
23
[cm]L
25020015010050 300 350 4000
0
[c
m
]
w
5
10
15
20
25
30
t = 0 min
t
t
t
t
t
t
= 10 min
= 20 min
= 30 min
= 40 min
= 50 min
= 60 min
Figure 11. Distributions of the vertical deflection along the two-layer beam at times
t = 0, 10, 20, 30, 40, 50, and 60 minutes for EC5 [37] material model.
In order to estimate the effect of contact stiffness K on deflections and inter-
layer slip of two-layer composite beam Figs. 12 and 13 are shown. The max-
imum deflection in the case of weak connection is as high as 5 times higher
than in the case of absolutelly stiff conection. Similar effect can be observed
when interlayer slips are compared.
Figure 12. Distributions of the vertical deflection along the two-layer beam for
different interlayer contact stiffness K.
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Figure 13. Distributions of the interlayer slip along the two-layer beam for different
contact stiffness K.
4 Conclusions
A mathematical model for thermomechanical problem has been proposed and
its numerical solution has been found for the analysis of timber composite
beams with partial interaction between the layers when simultaneously ex-
posed to static loading and fire. The study has been carried out for evaluat-
ing the charring depths of solid timber beams and comparing the results to
those published in the literature. Furthermore, the mathematical model has
also been used to determine a fire resistance of a two-layer timber composite
beam subjected simultaneously to uniform static loading and standard fire
conditions. Particular emphasis has been given to the influence of tempera-
ture dependent mechanical properties of timber on its fire resistance. For this
purpose, vertical deflections and interlayer slips have been calculated for dif-
ferent material models which have been proposed in the literature. Based on
the results, the following important conclusions can be drawn:
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(1) The present mathematical model for thermomechanical analysis of timber
beams is general and relatively easy to comprehend. Its applicability for
the stress-strain analysis of the composite beams subjected to mechanical
and fire loads has been clearly illustrated by the numerical examples.
(2) The comparison of the proposed charring model with the empirical char-
ring models from the literature shows, that models proposed in [36] and
by Schaffer [27] differ considerably. The Lawson’s and Schaffer’s models
differ slightly at the beginning, but are virtually equal at 60 minutes. Sim-
ilarly, the model proposed by Eurocode 5 [37], White’s and Nordheim’s
model [28], and the model proposed in this paper differ considerably in
the first 15 minutes, but later show similar results.
(3) A good agreement is obtained between the theoretical predictions of the
one-dimensional charring depths in timber beams and the results obtained
from experiments conducted by Fredlund [16, 17].
(4) The temperature gradients are the highest at the boundary between the
timber and the char. Charring is the fastest at the beginning and due to
the material properties of the char gradually decreases with time. Since
corners are subjected to heat and moisture transfer from two directions,
charring is faster at these corners. The charring always starts at the
corner. As a result, a rounding effect occurs and shortly after the ignition
the remaining load bearing cross-section is no longer rectangular.
(5) Discrepancies of maximal vertical deflections in layered timber beams
are relatively small in the first minutes, but later on the discrepancy
between these deflections calculated by different material models differs
considerably. The maximum values of the vertical deflections are obtained
by the use of EC 5 regulations [37].
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(6) If a structural limit state is defined as:
L
wmax
≈ 30, see, e.g., [38], the
critical vertical deflection in the above-mentioned numerical example is
wcr ≈ 13 cm. In this case, the actual times to failure are: EC 5 (t ≈ 30
min); O¨stman (t ≈ 47 min); Preusser (t ≈ 56 min); showing great differ-
nces between different well established temperature dependent material
models.
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Figure Captions:
• Figure 1: Comparison of different empirical charring models with the
present one.
• Figure 2: Comparison of experimental and numerical results for penetra-
tion of the char layer as a function of time for spruce with initial moisture
content of 14.5%.
• Figure 3: The descriptive geometric, material, and loading data of a two-
layer timber composite beam.
• Figure 4: Temperature distribution in the cross-section of a two-layer tim-
ber composite beam and the transformation of timber into char at 1, 5, 10,
and 20 minutes.
• Figure 5: Temperature distribution in the cross-section of a two-layer tim-
ber composite beam and the transformation of timber into char at 30, 40, 50,
and 60 minutes.
• Figure 6: Reduced modulus of elasticity E) of timber at elevated temper-
atures proposed by various researchers, see [40].
• Figure 7: Maximal vertical deflection versus time for the two-layer timber
composite beam calculated by different material models.
• Figure 8: Distributions of interlayer slip along the two-layer beam at t = 60
min, calculated by different material models.
• Figure 9: Distributions of vertical deflection along the two-layer beam at
t = 60 min, calculated by different material models.
• Figure 10: Distributions of the interlayer slip along the two-layer beam at
times t = 0, 10, 20, 30, 40, 50, and 60 minutes for EC5 [37] material model.
• Figure 11: Distributions of the vertical deflection along the two-layer beam
at times t = 0, 10, 20, 30, 40, 50, and 60 minutes for EC5 [37] material model.
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• Figure 13: Distributions of the vertical deflection along the two-layer beam
for different interlayer contact stiffness K.
• Figure 14: Distributions of the interlayer slip along the two-layer beam for
different contact stiffness K.
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